1* Introduction* Important global properties of complex spaces 1 * {X, έ?) can be characterized in terms of the standard natural map X:X-+S e (<?(X)), x-+X β , %.(/): = /(»), /e^(X), of X into the continuous spectrum S C (A) of the global function algebra A : = #*(X) which takes points x of X to the corresponding point evaluations X x . For example: X is holomorphically separable if and only if X is injective; X is holomorphically convex if and only if X is proper (see § 3). A complex space which is both holomorphically separable and holomorphically convex is called Stein. The customary description of Stein spaces as being those complex spaces which have "sufficiently many" global holomorphic functions [14, VII] attains precision from a theorem of Igusa/Remmert/Iwahashi/Forster [15, 21, 17, 7] stating: X is Stein if and only if X is a homeomorphism. In other words, a complex space X is Stein if and only if there are enough global holomorphic functions on X to enable X to be regained topologically from the continuous spectrum of these functions.
2) According to the above remarks, the main assertion of this theorem is that 1} Throughout this paper, a complex space means a reduced complex space with countable topology.
2) A Stein space X can also be regained as a complex space from S e {A) [8, 13] .
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SANDRA HAYES the surjectivity of X is a consequence of 1 being injective and closed. Until now the question as to whether the surjectivity of 1 corresponds to any global function theoretical property of the complex space (X, &) has been unanswered. In order to treat this problem, the global property of satisfying the weak Nullstellensatz will be investigated here first for arbitrary function algebras and then for complex spaces. The weak Nullstellensatz 3) is defined in § 3 to be valid for a complex space (X, ^) if for finitely many functions /if * * 9 fm e £?(%) with no common zero on X there exist functions 9u ' ', Qm£^(X) with 1 = 2i?=ififfi-τilΘ reason for choosing this terminology is as follows. In algebraic geometry there is a theorem referred to as the weak Nullstellensatz which states that every proper ideal in a polynomial ring K [T lf , TJ in n variables with coefficients in an algebraically closed field K has at least one zero in K n . [T lf , T n ] lies in an ideal of K[T lt •••, TJ, if the polynomial vanishes for every zero of the ideal. In Rabinowitsch's proof of latter theorem, the weak version is proved first, and then it is shown that Hubert's Nullstellensatz results from the weak Nullstellensatz [10, 26] .
In contrast to the situation in algebraic geometry, the weak Nullstellensatz for complex spaces is not equivalent to the Hubert Nullstellensatz for complex spaces [7] and the weak Nullstellensatz is not satisfied for every complex space. Car tan [4] was the first person to investigate the weak Nullstellensatz for complex spaces. As a result of Cartan's Theorem B, the weak Nullstellensatz holds for every Stein space. Using this result, it follows easily for domains X in C n that the validity of the weak Nullstellensatz is equivalent to the holomorphic convexity of X [13, V § 5.3] . This equivalence can be readily generalized to holomorphically separable unramified domains X over Stein manifolds M-in particular to subdomains X of M ( §3). Actually, every holomorphically convex complex space satisfies the weak Nullstellensatz; however, the converse is not true in general (see § 3).
The weak Nullstellensatz is a frequently used property in the theory of function algebras as well as in complex analysis. Two important examples of its application will be explicitly mentioned. 3) In the literature this property is usually not titelized; lately, however, it has been referred to by Grauert/Remmert [13, V § 5.3] as the representation of the unit. 47 Michael [20, 12.5] Another characterization of the weak Nullstellensatz for finite dimensional complex spaces (X, #) which is proved here is that every closed proper ideal in 6?(X) has at least one zero in X.
The proofs use an analytical theorem of Grauert/Wiegmann [11, 25] and a topological-algebraic theorem of Arens [1] . Another consequence of Arens' theorem is that the continuous spectrum S e {A) of evey Frechet algebra A is dense in S(A).
In summary, a connection is established between a basic property in the theory of complex analysis and fundamental concepts in the theory of topological algebras. The interrelationship of these two discriplines is of special interest recently (see [3] and the references there). 2* The weak Nullstellensatz for function algebras* In order to demonstrate the strength of the weak Nullstellensatz, several implications of this property for function algebras will be mentioned in this section. A characterization of the weak Nullstellensatz for Frechet function algebras will also be given, and it will be shown that S C (A) is dense in S(A) for every Frechet algebra A; both results are a straightforward application of a theorem of Arens [1, 6.3 ].
An algebra will mean a commutative complex algebra with identity. A homomorphism between two algebras is a C-linear ring homomorphism which preserves the identity. The spectrum S(A): = Horn (A, C) of an algebra A is the set of all homomorphisms of A to C endowed with the Gelfand topology, i.e., the topology which For a topological space X, let <^(X) denote the algebra of continuous complex-valued functions on X with pointwise operations. In this paper, a function algebra will refer to a pair (X, A), where X is an arbitrary topological space and A is a subalgebra of containing the constants. The natural map , g m e A such that
The weak Nullstellensatz holds for a function algebra (X, A) if and only if finitely many functions lying in a proper ideal of A have at least one common zero in X. An immediate consequence of this property is that a function feA vanishing nowhere on X has an inverse 1// in A.
As already mentioned, the weak Nullstellensatz is valid for
ΓJ is the polynomial algebra in n variables over an algebraically closed field K. If (X, tf) is a complex space with the property that every global holomorphic function is constant (for example, X compact and connected), then the weak Nullstellensatz is trivially satisfied for (X, έ?(X)) = (X, C). PROPOSITION 
// the weak Nullstellensatz is valid for a function algebra (X, A), then the natural map X:X-*S(A) has a dense image.
Proof. Suppose the theorem false. Then there exists a point φeS(A) not in the closure of Z(X). This means there are finitely many functions f lf , f m e A and an ε > 0 such that
Let Xi: = φ(f t ) and g t : = f -λ<. Then ^, , ^m 6 ker φ have no common zero in X. This leads to a contradiction, because ker φ is a maximal ideal and therefore proper.
The converse of Proposition 1 doesn't hold, as the following classical example shows. Let X be a completely regular topological space and let A be the Banach algebra of bounded continuous func-tions on X. (S(A), X) Two immediate results of the last propositions are: COROLLARY 
// the weak Nullstellensatz is valid for a topological function algebra (X, A), then the continuous spectrum S C (A) of A is a dense subset of the spectrum S(A) of A.

COROLLARY 2. If the weak Nullstellensatz is valid for a topological function algebra (X, A), then f{X) = f(S(A)) = M(A))
for all feA m and meN. 
A Frechet function algebra (X, A) satisfies the weak Nullstellensatz if and only if the joint spectral image f(S c (A)) of every
If A is a Banach algebra, the weak Nullstellensatz holds for (S(A), A) (see [14, I, H.10]). The weak Nullstellensatz is also valid for (S C (A), A)
, when A is a Frechet algebra, as the theorem of Arens which was just mentioned shows. Another result of this theorem is THEOREM 
If A is a Frechet algebra, then the continuous spectrum S C (A) of A is a dense subset of the spectrum S(A) of A.
Proof. Let U be the neighborhood of a point φ e S(A) given by finitely many elements f u -,f m eA and an ε > 0, i.e., with ΣΓ=i^i = l would exist according to Arens' theorem [1, 6.3] . Thus ΣΓ=i 9fe)^(^) = 1 would follow leading to a contradiction, since φ(g t ) = 0, i = 1, , m. PROPOSITION 
The weak Nullstellensatz is valid for a Frechet function algebra {X, A) if either one of the following conditions holds:
1
. The natural map X:X->S C (A) is surjective.
Every closed proper ideal in A has at least one zero in X.
Proof. An application of Theorem 1 shows that condition 1 implies the weak Nullstellensatz. Condition 1 follows from condition 2: For ψ 6 S C (A), ker φ is a closed maximal ideal in A and therefore has at least one zero xeX.
That means ker φ c ker X x and φ = X x results, since kerZ^ is also a maximal ideal.
The converse of Proposition 3 is true for (X, A), where A is the algebra of all global holomorphic functions on a finite dimensional complex space X This will be shown in the next section.
3* The weak Nullstellensatz for complex spaces* First it will be noted that every holomorphically convex complex space satisfies the weak Nullstellensatz; counterexamples show that the converse isn't true. Then two characterizations of the weak Nullstellensatz for finite dimensional complex spaces are proved. The converse of Corollary 3 is not true. Every non-compact complex space (X, &) which just has constant global holomorphic functions satisfies the weak Nullstellensatz but is not holomorphically convex, since X: X-><S C (^(X)) = {id c } is obviously not proper. For example: every non-compact, pseudoconcave manifold X (in particular, the punctured two-dimensional complex protective space P 2 \{p}, p e P 2 ) or the union X of countably many copies of the Riemann sphere P with the north pole of the nth sphere identified to the south pole of the (n + l)st sphere; in both cases X carries the natural complex structure.
Two characterizations of those finite dimensional complex spaces for which the weak Nullstellensatz is valid will be proved now: A complex space (X, 0) is holomorphically separable if every two points x, y e X, x Φ y, can be separated by a global holomorphic function, i.e., there exists an feέ? (X) with f(x) Φ f(y). This is equivalent to the injectivity of the natural map X: X->S C (^(X)). A theorem of Igusa [15] says that the holomorphic convexity of a domain X in C n is equivalent to the surjectivity of the canonical map X: X->S C (^(X)). Thus, for the special case of domains X in C n , it is known that the surjectivity of X is equivalent to the weak Nullstellensatz (see § 1). However, since the proof relies on the fact that domains in C n are holomorphically separable, it obviously can't be generalized to arbitrary finite dimensional complex spaces.
As already mentioned, the weak Nullstellensatz for domains X in C n is equivalent to the holomorphic convexity of X. This result can be easily generalized to holomorphically separable unramified domains over a Stein manifold: Proof. Let the weak Nullstellensatz be valid for (X, <£?). Rossi [24] proved that the spectrum S£A), A:= ^(X), can be endowed with a Stein complex structure such that it is also an unramified domain over M, X: X-> S C (A) is holomorphic, and S£A) is the envelope of holomorphy of X. X is injective, because X is holomorphically separable. Since X is finite dimensional, X is surjective by Theorem 3. X. is open, as a result of dim X = dim Za; S£A) -dim M for every x 6 X. Therefore X is a homeomorphism, and X is also Stein.
For an infinite dimensional complex space (X, &) the weak Nullstellensatz doesn't imply the surjectivity of X: X-* S e (έ?(X)) as illustrated by the following example due to the referee, H. Rossi. 
